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1. Introduction

The two-dimensional diffraction problem for a half-planc screen
has been solved by various authors, both for incident plane waves,

c.f. e.g. [1],[4],[7] and for incident cylindrical waves, c.f. e€.g.
12],13],161,{8]. The diffraction problem for cylindrical waves amounts
to finding a Green's function. From this Green's function the solution
of the plane wave problem can be obtained by letting the source travel
to Infinity. The solution of the plane wave diffraction problem, hence,
18 a 1limiting case of a Green's function.

In the present paper these well-known solutions will be rederived
by a method which uses a Riemannian »nlane of two sheets with a branch-
point at the edge of fthe screen. The solution for the half-plane dif-
fraction problem with either Dirichlet or Neumann boundary conditions
at the screen will be shown to depend on a Green's function for the
full Riemannian plane, this function being uniguely determined by
requiring that, on both sheets of the Riemannian plane, it vanisk
at infinity in a suitable way.

To fi1x ideas introduce polar coordinates r,2 with O<r < oo and
-2t <Y < 21 1in the Riemannian plane in such a way that the ecreen
colncides with the half-ray =0 and the edge of the screen with the
origin. A cut along the screen separates the Riemannian plane in a
sheet O<r <o, O0< v < 2w and a sheet O<r <oo, -21<2< 0, In optical
language These two sheets may be called "real space' and "virtual
space' respectively.,

Let G(Psﬁjr’ojzﬂ’o), O<r,r <o, -2w< v, Y_< 2w , be a Green's
function, defined in the Riemannian plane without reference to the cut,
which vanlishes in a suitable way at infinity and which has a unit point-
source at (Pojzfo). This Green's function satisfiles L(rjﬁﬁG(rﬁdyro,-ﬁb)m
mwr“qc?(rmro)J(#m@%)y L(r,v) being a linear differential operator.

Now consider a "real source, i.e. a source lying in real space, or
O~<'fb<:2m:3 and its reflection with respect to the half-ray ¢ =0. This
is a "virtual' source. i.e. it lies in virtual space, and with it a

Green's function G(r,7,r ndg) is associated. NexT construct the function

O.?

C‘TD(P_,J’,,PO,%) - G(rﬁv‘,rojﬁo) - G(r,vhr s -2) (1.1)

This function satisfies the same conditions at infinity as G(Pﬁvgroj o)
In general GD(P,Ojrojv%)¥O, However, we shall prove that GD(PjoﬁrojﬁB)mO
1T the differential operator L(r,+) i1s symmetric in ¥, or L(r,¥)=L(r,-2).

The function G(rﬁﬁgro,ﬂb) satisfies the differential eguation
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L(r,2)G(r,v50,,27) = -r o(r-r_)o(s-+ ). In this equation replace v
by -¢ . Using the symmetry relation for L(r,v) wc find
L(P; J)G(P:;“J, PO" ?}O) — ‘-«--{\f"W/l e ( I‘“Po)fy(“l’?‘“ L?O)m--r’“ ]J(P"FO)J(J+JO) o This_,

however, 1s tThe differential equation for G(Pjﬁgrojmﬁ%)o Assuming
the conditions at infinity strong enough to secure a unique solution
of' the differential equation, we hence have the identity

Glr,J,r_,-u

O O) — G(l”y"*i?sl”ojzfo) (/l°2)

which holds for differential operators which are symmetrical 1n v
It now follows from (1.1) and (1.2) that G, vanishes for ¥ =0.
The function GD moreover has one real and one virtual source and

hence 1s a Green's function for real space, which vanishes at the
screen,

In a gimilar way we find that

GN = (P;‘Z}‘gfogﬁo) — G(Pjﬁjrojt}o) T G<P3Jﬁr‘o.ﬂwz’?” )

G(psﬂjroﬁvfo) + G(P,-—-?ﬁ}l”o_,?)::))

I

represents a Green's function for real space whose normal derivative
vanishes at the screen ¢ =0.

1t 1s seen that the applicability of the method of images,; hence,
depends on the symmetry properties of the differential operator.



By means of a Laplace transformation with resnect to ¢t we fing
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denotes the Laplace
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transform of . Since we

in the quasi-stationary solution only, the right-hand member of
(2.2) 1s
solution, is to put v =

put equal to zero. Another way to find the guasi-stationary

exp 1 ket. The resulting differential

eaquation then is

+ 1, - e {;} o ( 2 . E 3 )

a }{
The former method is preferred in this paper, mainly

pecause then

must simply vanish at infinity, whilst in the latter method
erfeld radiation conailtion.
point, hence, will be the modified Helmholtz eguation

must satisfy tThere the more intricate Somm
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In accordance with the argument in section 1 we will derive

the
nplane of

Green's function associated with equation (2.2) for a Riemannian

cwo sheets, This function satisfies the differential equatiorn

a?‘““'“;

) _
G - PG = MJ(Fmﬁo)m (2.3)

¢ -function here represents a unit-source in one of the sheets
of the Ri
At infinity the Green's function will be required to satisfy the
condition

emannian pl@n@%

= 0, (2.4)

Ihe case of an incident plane wave, which by a limiting process

from the case of a Green's function, will be treated

independently. Since no source occurs in any finite region, the

i ing given by (2.2). At infinity the con-
dition (2.4) holds again, exce pt for Tthe direction of the incident
In that direction the solution

2] 1I
] T v
Rt 1,1.

equation, agailn 1is

snould tend to the function

The function obtained in this

wave 1in the Riemannian plane. Since



i

1t can be regarded to be a special case of a Creen's ffunction, the
solution of the half-plane diffraction oroblem, again, can be found
by adding or subtracting the reflected function.
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3., Plane waves

As stated 1n the preceding section the governing differential
equation 1n the case of 1ncident planc waves readg

b

~ e
2, g f f ;
DXC_ T :y% - P ¥ = O.F (j,/])

An incident plane wave, which makes an angle ¥_ (O < 270 < 27 )
with The screen 1s represented Dby

P, = EXp p(x cos ﬁ5+y sin ﬁz)ﬂ (3.2)

where the coordinate system 1s chosen i1n such a way, that the screen

coincides with the positive X-axis. Now introduce a Riemannian plane
with one branch-point, which coincides with the edge of the screen.

By means of a parabolic transformation this Riemannian plane is mapped
on an ordinary one. In the scguel ve will try to solve our problem

by aid of the method of separation of varizables. The application of
this method is simplified conﬂidérably 1" the 1incicent wave itself

assumes a separated form in parabolic coordinates. Fortunately this
can be achleved by judiciously choosing the axes of the parabolic
coordinate system. In effect by putting (sce figure 1)

X = u Vv s8in ﬁ% + é(ugmvﬁ)cos Jbﬁ
5 - (3.3)

y =-u v cos ¥V _ + 5(u”-vT)sin V

Oﬁ

B

- _WWWWM\”}M, " -...W/
u = const.,

fig . I'ne parabolic Transformation 3.3
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ﬂi@ﬂﬁj%M&WMMMHMEiﬂ&ﬂﬁhmlim ....... coovdinate but his u-axis co:

ne memﬁéiy in (Z.5) ?ﬁwM;%mwM§pmﬁﬂtﬂ (u,v) and (-u,-v) are
will be prenoved by the requirement that the

ds, that the in-

gmﬁ%ﬁhﬂﬁj’um@hlﬁ lies 1in real spaco, or, in other wor

cident nlane wave travels alons the positive u-axis,

By means of (3.3) the modified Helmholtz cquation (3.17) 18 trans-

formed in the separable ecquation

Ul Y

which, according to the reqguirements of scction 2 should be solved

T

under the conditions

, for v— + 0,

2

3 :f Q ?L% g‘i ol wme

% %
M}
&

sp(u“-v©) , for u - +

U(u)V(v) we find

) »

U'-p(pu+n)U = O, VY - p(pv©-n)v = 0, (3.9)

er functions.

which differential equations determine vnarabolic cylind
It 1s found that (3.4) satisfies (3.9) for n=1. In
solution of (3.5) will have the form of an infinite series of products

of parabolic cylinder functions. In the present case, however, it

seems plausible to try in the first instance a solution containing
the terms for n=1 only. In that casc 1md@m@nd@mt solutions of (3,9)
are =

in view of the conditions (3.6) and (3.7) the functions (3.10a)
(3.10a) cannot occur. We thus are led
the form

i~ o

A e iz p(u “-v© ) ¢t. (3.11 )

Which is identical with condition (3.8




Substitution of this value for A in (3.11) finally yields
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- %eép(u -V )er’fc(---u Vo). (3.12)

This function satisfies all conditions and thus validgates our

initial guess, that only the solutions of (3.9) with n=1 play a part
in the present problem. We also could have started with a trial
solution 1In tThe form of a series of products of parabolic cylinder
functions. We would fThen have found, of course, that all expansion
coef'f'iclents, except one, became zero.

Equation (3.12) describes the behaviour of an incident plane
wave 1n a Riemannian plane of two sheets with one branch-point.
Before constructing a solutlion of the half-plane diffraction problem

with Dirichlet or Neumann conditions at the screen by means of the
method of images, we must ascertain, that this method is applicable,
The screen is given by x> 0, y=0, or v=u tan = 15”05 and reflection

[t

should be carriecd out with respect to this line. It is easily seen

that the operator L(u,v) = 32/?3u2+332/’3vﬁ’m (L vz) 18 sym-
metric wlth respect to every line through the origin. An analysis,
analogous to that given in section 1 for polar coordinates, then
shows that the method of images indeed is applicable if reflection

18 carried out with respect to a line through the origin. The image

| T of a point P(u,v) with respect to

the line v=u tan % 170 is the point

- P'(u cos J_+v sin v_, u sin v _-vcos 7).

e Lo The reflection ¢  of the field
P(u,v)
I'ig .2
.2 .z ﬁ ' )
(P‘P — ,.ﬂ}ze::i D(U- -V )COS 27}0+DUV SRS 23?0 epfc(”u*{p cos Z}O"V\/‘E a4 1 ﬂ'o) n
(3.13)

We can reduce (3.12) and (3.13) to a more familiar form by introducing

polar coordinates r,tY by means of

— L ¥
u =Y 2 r cos g(ﬁz 1) (3.14)
v =V 2 r sin z(J,-9).

Substitution of these values in (3.3) yields

X = rcos v, y=r sin ¢ ,
as 1t should be. The screen is given by =0, and the solutions (3.12)
and (3.13) become
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]

™y 0 ¥
@ = Lelbt cos (2 TjﬂO)er*Jf‘c [ - V2pr cos 35(7/”'--—3)‘0):) S (3.15)

L ePT cos(V+y)

@ = erfc [ -V 2pr cos *;*(3,7"4_?}0)] .» (3.16)



4., Green's function. First method

In general a cylindrical wave can be decompocsed in plane waves.
For the full one-valued x-y plane this decomposition appears in the
following reduction.
Green's function for the full one-valued x-y plane, belonging
to the modified Helmholtz equation (2.2) is that solution of
a2 2

GO P GO 5 (4 )
t ——s - D G = - J(x-x )I(y-y_), .
2‘}{2 Y, > O O
wnilch wvanlshes at infinity. In fact
]
whe re v/“”"“”“:“““”““““““"
o ~
R o=V (x-x)" + (y-y,)°,
OF in polar‘ coordinates X = r cos i/ ., Y = P SN A , Xompo COs .{% )
Vo = Pq sin;ﬁg,

YT e
R = & +r’o "2]?1’:’0(30;:: (7)“2}0)5 ()"{'.3)

is the distance between the points (r,<) and (PO,Jg)a

Using a well-known integral revrescentation for the modified

Bessel function K_, (4.2) can be written as

exn(-pReht )dt. (4.4)
Now define (comp. fig.3)
Rel9 - roei /o ~ reiﬁa (4.5)
Hence
T poet+i(96w®)mret+i@ﬁ-6 (4 6)
fig.3
Substitution of (4.6) in (4.4) gives
G, = i%- jpo eXD [Mprocos(ﬂbm@mit)j exp[pr cos(ﬁ“ﬁ—iﬁ]dt, (4.7)

~ OO

The factor exp|pr cos(¥-6-1t)] in the integrand has the form of
a plane wave which is "inclined" over an "angle' ©+it to the x-axis,
The factor expIlmprocos(ﬁ6~6~itxjmay be regarded as a kind of ampli-
tude. In (4.7), hence, the decomposition of a cylindrical wave in
plane waves is achieved,

The representation (4.7) of the Green's function for real space
can be used for the determination of the Green's function for the
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Riemannian plane in the following way. In the preceding section,

the incident plane wave for Riemannian »Hlane was required to tend

at 1nfinity To the incident plane wave for real space. Ve shall
prescribe the same rcguirement for the respective Green's functions.

Since i1n (4.7) the Green's funcition for real space 18 oxnressed in

terms of incident plane waves this simply means that in (4.7) these
plane waves have to be replaced by the corresponding plane waves in

the Riemannian nlane, 1.e. by

-ﬁexp[jpr cos(V-6-1t) ] erﬂc[w-zpé cosy (F-6-1t) ] .

The Green's function for the Riemannian plane hence becomes

OO
G(r,V,r z}) 1 h/ exp(mpRchiJewﬁk:[-m 20r coSs 5 (V-6- 1t)]dtg
> B o (4.8)

The remaining part of this section will be devoted to reducing the

representation (4.8) to

/3

1.. ]
Glr,r_,V ) = — exp(-pRchy)dy,
" O 4ﬂ:~é; (4.9)

1]
B = arsh 2(rr

|

)gﬁchosﬁ(fﬁa%)o

O

1 this Green's function is used for constructing Green's functions
for real space with Dirichlet or Neumann conditions at a half-plane
the results are MacDonald's formula |6 ] . The following reduction of
(%.8) to (4.9) is due to Lauwerier | 5 ] |
In (4.8) we introduce the substitution t=u_-i(¥ _-6). We then find

G = é&;mé; eXp(mpPOCOSh uo)eXp[pr cos(ﬁmﬂgmiuo)]

(4.10)
ewﬁh.fm V2pr cos%@ﬁwqfdﬂ%ﬂjduo :

For the complementary error function the following intepral repre-

sentation 1s known

) QO |
exp z erfc z = %;z f‘ 2ge mt%dt ;s Re z >0. (H.11)
0 tZ (t+z7)
By means of the substitutions z=V 2pr cos%@fj t=2pr sinh“ su (4.11)

becomes

exp(pr cosd‘/) erfc(VY 2pr cos % a’/) =
00 3
.?.... - s J.[ exXpl(-pr cosh u/co nzu 4,

cosh u + cos ‘;/

E;;jr exp( -pr cosh u)[mmmmmlwmmwm + 1
0

cosh%(u+ij) COSh%(U*if)

d Uanpgwpr cosh u)
?%b/ ' du, -1 < Re y <™, (4.12)

Yoo coshz(u+iy)

|

du =
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A simple direct derivation of (4.12) was given by Lauwerier [ 5 7.
If | V-V l> ~ (4.12) is not immediately applicable to (4.10). However,

by means of the property erfc(-z )=2-erfz we also have
CO
(}::]ﬂ% u/t exp(-p R cosh t)dt + £, (4.13)
e 1 L
o = ”1§;};é; exp(wprocoah uo)exp[pf‘oos(ﬁmt%miuo)]

erfc | V2pr coa%@ﬁmﬁzminX]duo

or, introducing (4.12) in the latter formula,

- -ty [T

16m: -to =00 coah%(u+uo+iLVmif¢Q

/aa exp[-p(r cosh u+r_cosh uO] )
- 27 du du . .l

0
By means of the substitutions u=x+y, u_=x-y (4.14) becomes
Q0 _ Q0
.
= jﬁ _“#mm7m;%ifm;mwmwm w/ exp| -pr cosh(x+y)wprocosh(xwa]
—_ O osh {_}{_ *-:;;J.(b---z?oﬂ - Q0 dy adx .

The integral over y is of type (4.4) and yields a modified Bessel

function. In effect

& K ipV(r+r )ﬁ+ e 51nh mwmwmmeFwwwwmw-, (4.15)
wg; [ 0 ] cosh|x+z1(V-? )]

It is easily seen that replacing x by -x in (4.15) is aequivalent to
replacing zfma% by -zf+ﬁ%, The imaginary nart of g, hence, vanishes.
Taking The real part we find

d i/ 5 3 -L%)ﬁ'*
g = m'm~§ ' ‘ (r+r_ +4Pr sinh x] . 5

O
Snw™ O sinh x+cos 5 (V-1 )

|

The further substitutions sinh x T CcOS Q(ﬁmm%)ﬁ r+r =R cosh g

»
where R™ = P2+P02w2rrocosﬁ7wﬁg)j yield
CO |
] 2 . o f at
g T e ;——?é KO[pR \v/t sinh ﬂ’ 1 cCosh ﬁh_] m r (Ll'n/]6)
™

and, by differentiation of g with respect tTO
co K [JR \/Ft :nll’lah i3 rcosh® f3 ]

%—% = pR,ﬁ shp chp f dt. (H.17)
o 9
Eht \/t“sinhgﬁ +cosh™ 3
By means of the known integral
2,2 .2
co K_(V a“t“+bh7) ,
[T T mexn(=b) 450, bso, (4, 18)
O a2t2+b2 2ab

it is seen that 2g/2p equals
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0L d .
Y EE;exp(mpR cosh 3 ), B3>0,
or, . Qo
o o= - m*wf exp(~pR cosh t)dt. (4.19)
73
Substitution of (4.19) in (4.13) finally gives
G = | UﬁﬁeX"(woﬁ cosh t)dvu (4.20)
J e W oa p R - 5 e
. P+PO : L o L
with = ar cosh —=© = arsinh E(PPO)“R cos z(V-4).

The integral (4.18) is a special case of a formula of Sonine: a
simple direct derivation has been given by Lauwerier[lSJ :

The result (4.20) has been obtained under the regtrictioniz*~{5]<vc.

dowever, 1t is seen from (4.10) that G is an analytic function of

ﬁlzza 1T then follows from the principle of analytic continuation

that (4.20) is valid for all values of -
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5. Green's function. Second method

The modified Helmholtz equation reolds in nolar coordinates

X = r cos v , y = r sin ¢,
92 1 2 | 32 a
S tvsetTm S5 P¥ =0 (5.1)
2 i 2V

The Riemannian space 1is delimited by O<«<r <o, ~2w<v<2w . A Green's
thmHLun1(}(rﬁﬁ;rojﬁg) with 1Ts singularity in (ijt%) satisfies The
inhomogeneous egquation

2 2

=G 1 20 127G 24 ’ ] (9 e
‘9——"2' 1 _f’“wéﬂf’_ ‘i“‘-:? > - oG = - ? J(Lwl”o)()(ﬁ“ﬁo)j (5.92)
T 2T Y
or, putting z?mcx+zf¢y
2°¢  ac . 4 3°G >
r o = + = = — D rG = ..,.3'( L= )J“x‘) ° (B“j)
31”2 gnr 1’ 3 o & O

It follows from (5.3) that G 1s an even function of & , We now try
a Trigonometric expansion for G. Since G 1s an even function of o |
only cosine term can occur. Also, since in the Riemannian space the
two pairs of coordinates (r,J) and (r,v?+4w) represent the same
point, the cosines must have periods 4™ ., The expansion, hence,

must be of the form

6 - T o

. nﬁrﬂcoa'gmm n (5.4)

Substitution of (5.4) in (5.3) gives

OO 2
. , . m 2 _ 0 _ - ..
% [ PAH1+AIﬂ Ei; Am |O NN & AIH] C QOB 5 I X J( L PO) J( C‘i.) °

Multiplication by cos 4nw and integration over the interval (-2x,2=%)

yields
¥ 1’1‘12 o I\ Eln J
- - = - -1 f\
PAL T Am Oy A 2T P < ( O )
where €& = 1 and €& _ = 2 (m32 1).
O m

The solution of this inhomogeneous modificd Bessel equatlon is

given by
g
m T "3
‘E%:I%m(pf) K%m(plo)g ST
A — z. (5*5)
m In

"EQrK%m(pP) Ium(ppo)ﬁ B2y s

1
f

- First consider the case rsr_. Substitution of (5.5) in (5.4) yields

CO
_ | | i3
G = ¢ mgo €. I_é%m(pr") Kgm(pr"o)cos SMR

=
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or, 4 99
G = x;-g;g &mlm(pr){m(oro)cosznm
PR (5.0)
+- §§1£§%Im+'(‘P>Km+ (pP Jcos(m+r)w
The flrst series in (5a6) 1S a well-known representation of K pma)
whereIREmP2+P02m2PPOCOS¢x . benoting the second series by~5ﬁ@§)ﬁ

(5.0) can be written in thz form

A

(}::jggI:Ko(pR) +- ﬁ(m)} - ﬁ%E[ jwjexp(wpﬂcosh y)+ﬁ(m)13 (5.7)

- Q0
QO
F(D{) = £ m;'o Imh}*_‘;’?(‘[,‘)]f‘)i{m_*_é(pf”o)COS(m'ifﬁ")Gﬁ o (5 -8)
I we putb pm‘fg, a single term
21m+‘§(P \/E)Km*}_é(l”o\/é“)ﬁ I§ «cf‘o 5 (5..9)
1s the Laplace transform of - -
’ re P¢+PO“
r Im—l—ﬁg( 2t )exg (” 0t . (5.10)

Since the case r > r, o can be obtained from the case r g L by inter-

changing r*vmﬂﬂlxﬂygzrt follows Tthat we obtain the same inverse Laplace
transform 11 SR

By means of the known integral Pepresentation

-

_ (Gz)TE L 2ym i .
In1+%(2) = -“—-"-";-—"\'7“-““ f ( ‘ U. ) exp( ZU)dU5 (5..1/‘)
m! Ve
we can write (5.10) in the form
PR : P iy o U
(f ) (l O) J/(1 ug)mexp< C>;>du
XD — T E - - Tof —
n1f:¢mp \ IR 5 0 qt -] =
. l"”*o /T -!—I”OL) [/] rrre, 5 1 m I’I‘Ou ;
t Hﬂﬁ:eXD&m B Jijﬁg-(\mu i} exp(. T >EFT

——

Hence F(x ,8) is the Laplace tpansform of
rr r +P R I m
4 ® L/ 2
Fle,t) = T VOt ©°° ( Z;) [ L 1-u ):}

PP u |
exp( ”2t ) %ﬁ-cos(m+§)ﬁ
4\/ o
t Lyt e:x;p< )
PP m ryr U
L 1o O du
[ 2= i f{ 2(1-u”)e } ex@( zt)?ﬁ“?“]'
m=0Q ~ ] )

Interchanging integration and summation and performing the summation

il

gives



ry 2 a d rr ﬁ ﬂ
_ 1 O R 54 _ 0 i —day 2
F(G{-,ﬁt) - T m eXD(“ E—E)Re[e ”:4‘ eXp{w— —I!—_-J—C-— (Ue +& ) }dU.]
(5.12)
By means of tThe substitution
1 1. _,
e+ L eTEIN _ 8 g4inn Vs
o) SN
(5.12) is transformed in
F(o,t) WW_Ew_m-eXp( RE)RG u[ﬁ exp( RgSiﬂhEy)coshy dy
J """ - “ | o
ot Ve 6 it S1y X o

1}

B 1 w w L
where 3 = arsinh[ER.ﬂ(rro)dcos Eu:?andty: arcsin{iQR ](rfo)zsin-%m]ﬁ
Deforming the path of integration in such a way that it runs along L

the Imaginary axis from -1/ To the origin and along the real axis
r'rom the origin to B , it is easily seen that these two parts deter-

mine the imaginary and the real part of the integral respectively.

Hence

Rgsinhgy

(o, t) m:___B;_“faxp(w RE)L/%;xp(m —mmﬂm-wmjcoshly ady (5.13)
2t VT tL it O ¢

Returning to the function F(a,s) we have by Laplace transformation
of (5.13)

_ 11 2 JE 2 . .2
F(et,8) = &R f 2e:x:p( ~ts)exp( - %——) f exp( - W)coshy dy dt
O C 0 tC f
)1 R sinh®
m-éw:R jﬂ ‘f “exp(-ts- wmiﬂfmmljcoshy ay dt.
% v
Now dinterchange the integrationsg and »Hut
£t = i S cosny
2Vs
The result is
— R'\‘[g ﬁ -1 X :
F(e,8) = . JrCOShdy *]. RVW coshy coshx)e 2 dx ay
=% 0 ~00 .
o N
ZRJ:‘j'GOShEy f‘ coghix ﬁxp(wRVE coshy coshx)dx dy,
S0 O
or, by means of the integral renrcecocentation
OO
Kp(z) = fﬁ cosh vx exp(-z coshx)dx,
O
i 3 ]
T il o3 vy ,
F(ow,s) = L%g: fﬂcoshdy K;(RVE*COﬁhy)dyq
0 2

s>lince T 5
K_}(Z) = eélﬁwzﬂ@ “'3

(5.14) equals
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_ 2
Fle,s) :‘j exp(mRVE cosh vy)dy.
O
Remembering that s.:-:.pg 1t follows from (5.7) that Green's function

becomes

g fﬁ N
0 = = exp(-p R cosh y)dy,

—~00
in accordance with (4.9).
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6. Commentary

In the present paver the two-dimensional half-plane diffraction
problem with Dirichlet or Neumann conditions along the half plane
has been solved by means of a Green's function for a two-valued
Riemannian plane., Such a Green's function has one logarithmic
singularity and vanishes at the boundary of the region, i.e. at
infinity.

In the usual direct approach a Green's function is sought for a
region which extends to infinity, but is also bounded by the half-
plane., Besides the usual boundary conditions and the prescribed
behaviour at the singularity this CGreen's function is also reqguired
to satisfy a condition of guadratic integrability. The question then

may be ralised whether such a condition would not have been necessary

for the determination of the Green's function for the Riemannian
plane, in other words, whether the Green's function obtained in this
paper 1s unigue for the used conditions., Although the conditions are
known to suffice for a one-valued plane in the case of a modified

He Imholtz equation, it might be surmised that the presence of a

rF

branch-point would introduce a J.f{.culty. That this 1s not the case

can be shown in the following way.
The Helmholtz eqguation

2 2 -~

D p AR - ~ 0

- S O
X Qy
. »,
reads 1in parabolic coordinates Xm“ﬁg(ungL)J Y=UV :

32 92Q 2, 2, .. ¢
_-% + —= - pT(uT+v )¢ = O.
DU 2V

The corresponding cquation for Green's function reads

. - . ‘) - ~ .
0 g . 2 G B pa(uﬁ+v )G — "Q(U“UO)J(V“VO)‘

The parabolic transformation serves to map the two-valued x-y plane
on a one-valued u~v plane. In the latter plane, however, G 1s known
to be uniquely determined by the condition that 1t vanishes at in-
findity. It, hence, is also uniquely determined in the origlnal Two-
valued x-y plane.

Considering the two m thods which in the present paper were used

for obtaining the Green's function the first method constructs 1T
out of plane waves with a variable angle ol 1inc idence., In the second
method a general technique for obtaining a series representation of
5 Green's function is used. An analysis, akin to that of Mac Donald
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161, then transforms this series in an integral.

Both methods have in common that, although use is made of a TWO-
valued Riemannian plane, paths of integration which occur during
the evaluations, always 1lie in a one-valued complex plane. In tThis
respect they differ from Sommerfeld's original method {27 , [7]
which uses paths of integration which lie in multi-valued complex
Riemannian planes,
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